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SCHUR’S LEMMA FOR EXACT CATEGORIES IMPLIES ABELIAN
HARUHISA ENOMOTO
Abstract. We show that for a given exact category, there exists a bijection between semibricks
(pairwise Hom-orthogonal set of bricks) and length wide subcategories (exact extension-closed
length abelian subcategories). In particular, we show that a length exact category is abelian if
and only if simple objects form a semibrick, that is, the Schur’s lemma holds.
1. Introduction
In this paper, we consider the classical Schur’s lemma in the context of Quillen’s exact categories,
from the viewpoint of semibricks and wide subcategories.
The Schur’s lemma describes possible morphisms between simple objects in an abelian category,
and is very fundamental and has lots of consequences. The Schur’s lemma can be rephrased as
follows: the set of simple objects in an abelian category forms a semibrick, that is, every morphism
is either zero or an isomorphism.
We can generalize the notion of simple objects in an abelian category to an exact category E ,
and has been investigated by several papers such as [Eno, BHLR, HR]. It is natural to ask whether
the Schur’s lemma holds in E , that is, simples in E form a semibrick. We will see in Corollary 2.8
that, under mild assumption, this implies that E is abelian. In other words, the Schur’s lemma
characterizes abelian categories among exact categories.
We will deduce this from the correspondence between semibricks and wide subcategories of
E . A wide subcategory is an extension-closed exact abelian subcategory of E , and has been
investigated in the representation theory of a finite-dimensional algebra Λ for the case E = modΛ,
e.g. [Asa, IT, MS]. In particular, wide subcategories ofmodΛ are in bijection with other important
objects, such as τ -tilting modules, torsion(-free) classes, and so on ([Asa]).
For a wide subcategoryW of E , the Schur’s lemma implies that the simples inW is a semibrick.
Conversely, it was shown by Ringel [Rin] that for a given semibrick S in an abelian category A,
we can form a wide subcategory of A whose simples are precisely objects in S. This immediately
gives a bijection between semibricks in A and a length wide category of A, and the aim of this
paper is to generalize this bijection to exact categories (Theorem 2.5).
1.1. Conventions and notation. Throughout this paper, all subcategories are assumed to be
full and closed under isomorphisms. As for exact categories, we use the terminologies inflations,
deflations and conflations. We refer the reader to [Bu¨h] for the basics of exact categories. We
often denote by 0→ X → Y → Z → 0 a conflation, X ֌ Y an inflation and Y ։ Z a deflation.
A commutative diagram is exact if every sub-diagram of the form 0 → X → Y → Z → 0 is a
conflation. For an inflation X ֌ Y , we often denote Y/X the cokernel of it. Unless otherwise
stated, we regard an abelian category as an exact category whose conflations are precisely usual
short exact sequences, which we call the standard exact structure. Also for an extension-closed
subcategory D of an exact category E , we always endow D with the natural exact structure, that
is, conflations in D are precisely those in E whose all terms are in D.
2. Basic definitions and the main result
First we introduce a semibrick in an additive category.
Definition 2.1. Let E be an additive category.
2010 Mathematics Subject Classification. 18E10, 18E05.
Key words and phrases. exact category; semibrick; wide subcategory; Schur’s lemma.
1
2 H. ENOMOTO
(1) An object S in E is a brick if EndE(S) is a division ring, that is, S is non-zero and every
non-zero map S → S is an isomorphism.
(2) We denote by brick E the collection of isomorphism classes of all bricks in E .
(3) A subset S of brick E is a semibrick if E(S, T ) = 0 holds for every two distinct objects S
and T in S.
Roughly speaking, a semibrick is a set of objects which satisfy the Schur’s lemma like property.
Note that brick E may not form a set in general, but we require that a semibrick is actually a set
of bricks.
Next we introduce simple objects in exact categories.
Definition 2.2. Let E be an exact category.
• An object M in E is called a simple object in E if M is non-zero and there is no conflation
0→ L→M → N → 0 in E with L,N 6= 0.
• We denote by simE the collection of isomorphism classes of simple objects in E .
• For a collection C of objects in E , we denote by Filt C the subcategory of E consisting of
X ∈ E such that there is a chain 0 = X0 ֌ X1 ֌ · · ·֌ Xl = X of inflations satisfying
Xi/Xi−1 ∈ C for each i. We call such a chain C-filtration and l a length of this C-filtration.
We say that an exact category E is length if sim E is a set and E = Filt(simE) holds, that is,
every object has a (sim E)-filtration. For example, any extension-closed subcategory of an length
abelian category is a length exact category.
A typical example of semibricks is the set of simple objects in an abelian category. The proof
is the same as the classical Schur’s lemma for modules.
Lemma 2.3 (Schur’s lemma). Let A be an abelian category. Then the following hold.
(1) Every simple object in A is a brick.
(2) For two simple objects S and T in A, if S and T are not isomorphic, then A(S, T ) = 0.
In particular, if simA is a set (e.g. if A is length), then simA is a semibrick.
Then we introduce a wide subcategory of exact categories.
Definition 2.4. Let E be an exact category. A subcategory W of E is a wide if the following
conditions are satisfied:
(1) W is closed under extensions, that is, for any conflation 0→ L→M → N → 0 in E , if L
and N belong to E , then so does M .
(2) W is an abelian category.
(3) The inclusion functor A →֒ E is exact, that is, every usual short exact sequence 0→ L→
M → N → 0 in A is a conflation in E .
If in addition A is a length abelian category, we say that W is a length wide subcategory of E .
Now we can state the main result in this paper.
Theorem 2.5. Let E be an exact category. Then assignments S 7→ FiltS and W 7→ simW give
one-to-one correspondence between the following two classes.
(1) The class of semibricks S in E.
(2) The class of length wide subcategories W in E.
Remark 2.6. This is a generalization of the classical result of Ringel [Rin, 1.2], where E was
assumed to be an abelian category with the standard exact structure. In fact, if E is realized as
an extension-closed subcategory of an abelian category, then this theorem can be deduced from
the the Ringel’s result. However, we give a proof which does not use any Gabriel-Quillen type
embedding of E into an abelian category, and thus reprove the Ringel’s result.
We will give a proof in the next section. Before this, let us observe some consequences. First
of all, this theorem is a bit surprising since the notion of semibricks does not depend on the exact
structure on E , while the notion of wide subcategories clearly does. Indeed, if we consider two
different exact structures, then it may happen that FiltS may differ for the same semibrick S in
E , as the following example shows.
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Example 2.7. Let Λ be an artinian ring and modΛ the category of finitely generated Λ-modules.
Then modΛ is a length abelian category. Denote by S the set of isomorphism classes of simple
Λ-modules, which is a semibrick by Schur’s lemma. First we endow modΛ with the standard exact
structure. Then clearly FiltS = modΛ holds. On the other hand, we can endow modΛ with the
split exact structure, that is, conflations are only split short exact sequences. Then in this exact
structure, FiltS is the category of finitely generated semisimple Λ-modules, which is not equal to
modΛ unless Λ is semisimple. This category is not closed under extension in the standard exact
structure on modΛ, although it is an exact abelian subcategory of modΛ.
Another application is a characterization of abelian categories via the Schur’s lemma.
Corollary 2.8. Let E be a length exact category. Then the following are equivalent.
(1) E is an abelian category with the standard exact structure.
(2) simE is a semibrick, that is, for every two simple objects S and T in E, every morphism
S → T is either zero or an isomorphism.
Proof. Clearly (1) implies (2) by the Schur’s lemma. Conversely, suppose that simE is a semibrick.
Theorem 2.5 implies that Filt(sim E) is a wide subcategory of E , and Filt(sim E) = E holds since E
is length. Thus E is a wide subcategory of E , which is clearly equivalent to (1). 
Remark 2.9. In [HR, Lemma 3.6], it was shown that every admissible morphism between simples
is either zero or an isomorphism. Since every morphism in an abelian category is admissible,
it generalizes the classical Schur’s lemma. However, in general there are many non-admissible
morphisms in E (actually, every morphism is admissible if and only if E is abelian by Proposition
3.1). In particular, Corollary 2.8 says that for a non-abelian length exact category E , there always
exist non-zero non-isomorphisms between simples, which is a bit surprising to the author.
3. Proof of the main theorem
Throughout this section, we denote by E an exact category. The following characterization of
abelian categories among exact categories are useful. Since this is well-known (e.g. [Bu¨h, Exercise
8.6]) and the proof is easy, we omit it.
Proposition 3.1. Let E be an exact category. Then the following are equivalent:
(1) E is an abelian category with the standard exact structure.
(2) Every morphism ϕ in E is admissible in the sense of [Bu¨h, Definition 8.1], that is, it can
be written as ϕ = ιπ such that π is a deflation and ι is an inflation.
By using this characterization, we can give the following criterion for wide subcategories.
Lemma 3.2. Let W be a subcategory of E. Then W is a wide subcategory of E if and only if the
following conditions are satisfied:
(a) For any conflation 0→ X → Y → Z → 0, if two out of X,Y, Z belong to W, then so does
the third.
(b) For any morphism ϕ : X → Y in W, there are an object W in W, a deflation π : X ։W
and an inflation ι : W → Y satisfying ϕ = ιπ.
Proof. First suppose that W is a wide subcategory.
(a) Let 0 → X
ϕ
−→ Y → Z → 0 be a conflation in E . Since W is closed under extensions, if X
and Z belong to W , then so does Y . If X and Y belongs to E , then we obtain a usual short exact
sequence 0 → X
ϕ
−→ Y → Cokerϕ→ 0 in an abelian category A. Since the embedding A →֒ E is
exact, this is actually a conflation in E . It follows that Z is isomorphic to Cokerϕ, thus Z ∈ A.
The remaining case is similar.
(b) It is easy to see that the exact structure induced from the embedding A →֒ E coincides with
the standard exact structure on A. Thus (b) follows from Proposition 3.1.
Conversely, suppose that W satisfies (a) and (b). Then by (a), W is closed under extensions in
E , thus W can be regarded as an exact category, and the embedding W →֒ E is exact. By (a) and
(b), we can check that this exact category W satisfies Proposition 3.1 (2), thus W is an abelian
category with the usual exact structure. Therefore W is a wide subcategory of E . 
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Next we prove the following basic properties on Filt C.
Lemma 3.3. Let C be a collection of objects in E. Then the following hold.
(1) FiltC is the smallest extension-closed subcategory of E containing C.
(2) If X has a C-filtration 0 = X0֌ X1֌ · · ·֌ Xl = X, then Xi and X/Xi has C-filtrations
of length i and l − i respectively for each i.
Proof. This immediately follows from the Noether isomorphism theorem in exact categories, see
[Eno, Proposition 2.5] for example. 
Now we will prove that FiltS is wide for a semibrick S. The following is a key lemma.
Lemma 3.4. Let S be a semibrick in E, and let ϕ : S → Y be a morphism in E with S ∈ S and
Y ∈ FiltS. Then either ϕ is zero or ϕ is an inflation in E satisfying Y/S ∈ FiltS.
Proof. Assume that ϕ is non-zero. Take an S-filtration 0 = Y0 ֌ Y1 ֌ · · ·֌ Ym−1 ֌ Ym = Y
of Y . Let ιi and πi be the following natural morphisms which give the following conflation for
i = 0, . . . ,m− 1:
0 Yi Yi+1 Yi+1/Yi 0
ιi pii+1
Consider the composition πmϕ : S → Y/Ym−1. Since S and Y/Ym−1 belong to the semibrick S,
we have that πmϕ is either zero or an isomorphism. If πmϕ = 0, then ϕ factors through ιm−1,
that is, we have a map ϕ1 : S → Ym−1 which makes the following diagram commutes:
S
0 Ym−1 Y Y/Ym−1 0
ϕ
ϕ1
ιm−1 pim
Since ϕ 6= 0, by repeating this process, we obtain a map ϕi : S → Ym−i such that πm−iϕi is an
isomorphism and that ϕ = ιm−1 · · · ιm−iϕi. Then we have the following commutative diagram:
S
0 Ym−i−1 Ym−i Ym−i/Ym−i−1 0
ϕi
pim−iϕi
ιm−i−1 pim−i
It follows that πm−i is a retraction, thus the above conflation splits. Therefore, the above diagram
is isomorphic to the following commutative diagram:
S
0 Ym−i−1 Ym−i−1 ⊕ S S 0
[ a1 ]
1
[ 10 ]
[0,1]
Here 1 denotes the identity maps and a denotes some map. Since t[a, 1] is isomorphic to t[0, 1] : S →
Ym−i−1⊕S as morphisms, so is ϕi. Moreover, since
t[0, 1] is an inflation with its cokernel Ym−i−1,
so is ϕi. Since inflations are closed under compositions, ϕ = ιm−1 · · · ιm−iϕi is an inflation. Now
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we can form the following exact commutative diagram, see [Bu¨h, Lemma 3.5].
0 0
0 S Ym−i Ym−i−1 0
0 S Y Y/S 0
Y/Ym−i Y/Ym−i
0 0
ϕi
ι
ϕ
Here ι := ιm−1 · · · ιm−i. Then Lemma 3.3 implies that Ym−i−1 and Y/Ym belong to FiltS, and so
does Y/S. 
Now we can show that FiltS is wide.
Lemma 3.5. Let S be a semibrick in E. Then FiltS is a wide subcategory of E.
Proof. We check two conditions (a) and (b) in Lemma 3.2. Note that FiltS is extension-closed by
Lemma 3.3. Let ϕ : X → Y be a morphism in FiltS. By duality, to prove (a), it suffices to show
that (a′) if ϕ is an inflation, then Y/X belongs to FiltS. To prove (b), we show that there is a
factorization ϕ = ιπ inside FiltS such that π is a deflation and ι is an inflation.
We prove both (a′) and (b) by induction on the length l of an S-filtration of X . The case l = 0
is trivial, and the case l = 1 immediately follows from Lemma 3.4.
Suppose l > 1. Then by Lemma 3.3, we can take a conflation 0 → S → X → X/S → 0 such
that S ∈ S and X/S has an S-filtration of length l − 1.
(a′) Suppose that ϕ : X → Y is an inflation. Then we can form the following exact commutative
diagram, see [Bu¨h, Lemma 3.5].
0 0
0 S X X/S 0
0 S Y Y/S 0
Y/X Y/X
0 0
Lemma 3.4 implies that Y/S ∈ FiltS holds. Thus we can apply the induction hypothesis to the
rightmost column to conclude Y/X ∈ FiltS.
(b) Consider the following diagram:
0 S X X/S 0
Y
f g
ϕ
ψ
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If ϕf is zero, then there is a map ψ : X/S → Y which make the above diagram commutes. Then
by the induction hypothesis, we can write as ψ = ip inside FiltS with p a deflation and i an
inflation. Thus ϕ = i(pg) gives the desired factorization.
Suppose that ϕf is non-zero. Then ϕf : S → Y is an inflation with Y/S ∈ FiltS by Lemma
3.4. Thus we obtain the following exact commutative diagram.
0 S X X/S 0
0 S Y Y/S 0
p.b.ϕ ϕ
Then the right square is a pullback diagram, see [Bu¨h, Proposition 2.12]. By induction hypothesis,
we obtain a commutative diagram
X/S Y/S
W
ϕ
p i
with W ∈ FiltS and p a deflation and i an inflation. By taking the pullback, we obtain the
following exact commutative diagram.
0 S W ′ W 0
0 S Y Y/S 0
ι p.b. i
The top row implies that W ′ belongs to FiltS by Lemma 3.3. Moreover, ι is an inflation, see
[Bu¨h, Proposition 2.15]. On the other hand, by considering the pullback of W ′ → W along p
(which exists since p is a deflation), the universal property of the pullback square shows that the
commutative exists.
X X/S
W ′ W
Y Y/S
pi p.b.
ϕ
p
ι p.b. i
Here π is a deflation since it is a pullback of the deflation p. This proves (b). 
Lemma 3.6. Let S be a semibrick in E. Then FiltS is a length wide subcategory of E, and
sim(FiltS) = S holds.
Proof. By Lemma 3.5, we have that FiltS is a wide subcategory of E . Moreover, Lemma 3.4
immediately implies that every S in S is a simple object in an abelian category FiltS. Conversely,
let X be a simple object in FiltS. Since X is simple, it is clear that this S-filtration has length
one, that is, X ∈ S. Thus sim(FiltS) = S holds (in particular, sim(FiltS) is a set). Since
FiltS = Filt(sim(FiltS)) holds, FiltS is a length abelian category. 
Proof of Theorem 2.5. For a length wide subcategory W of E , Schur’s Lemma 2.3 shows that
simW is a semibrick in E . For a semibrick S of E , we have that FiltS is a wide subcategory of E
by Lemma 3.5. Thus the “maps” Filt(−) : {semibricks in E}⇆ {wide subcategories of E} : sim(−)
is well-defined.
We will see that these maps are mutually inverse. For every semibrick S in E , we have
S = sim(FiltS) by Lemma 3.6. For the opposite direction, letW be a length wide subcategory of E .
Since W is length, clearly we have W = FiltW(simW), where FiltW is Filt inside the abelian cate-
goryW . SinceW is wide, the inclusionW →֒ E is exact, which implies thatW ⊂ Filt(simW) holds,
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where Filt is considered inside E . On the other hand, sinceW is extension-closed, Filt(simW) ⊂ W
holds. Thus W = Filt(simW) holds. 
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